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Cohomology of groups This is an exercise in Serre's book of course. Let $G$ be a discrete group. a)

Show that $$ H^p(G,M) \cong H^{p-1}(G/N, M) $$ where $N \triangleleft G$ and $M$ is an
$\mathbb{Z}$-module. b) Deduce that $$H^1(G, \mathbb{Z}) \cong \frac{G}{[G,G]N}$$ where

$N \triangleleft G$ and $M$ is a discrete $\mathbb{Z}$-module. Hint: $G$ acts on $G/N$ and
induce an action on $$ Z_p(G/N) = \{ f : G/N \to \mathbb{Z}_p \mid f(xN) = 0, for all x \in G \} $$
and use the fact that this is isomorphic to $Z_p(G)$. I have done the first part easily, but I don't

understand how I can use the second part to reach what is stated. I would appreciate some help.
Thanks! A: Part a) Suppose $M$ is a discrete $\mathbb{Z}$-module and $N\triangleleft G$ and

$M$ is $G$-invariant then $M\cong M/N\otimes \mathbb{Z}\cong M/N$. Also suppose
$N'\triangleleft G$ and $N\subseteq N'$ and $M$ is $N$-invariant then $M/N\cong M/(N/N)\otimes
\mathbb{Z}=M/N'\otimes \mathbb{Z}$. Thus you have the first isomorphism: $H^p(G,M)\cong

H^{p-1}(G/N',M/N')$. Now let $N$ be the kernel of the action, $N\triangleleft G$. And let
$N=\{e\}$. Then $H^p(G,M)\cong H^{p-1}(G/e,M)=H^{p-1}(G/e,\mathbb{Z})$. If you now have

an element $g\in G$ not in $e$, then $g^e=e$. So $\langle g^e\rangle=\langle e\rangle$.
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